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—— Abstract

The Parameterized Inapprozimability Hypothesis (PIH) asserts that no FPT algorithm can decide
whether a given 2CSP instance parameterized by the number of variables is satisfiable, or at most
a constant fraction of its constraints can be satisfied simultaneously. In a recent breakthrough,
Guruswami, Lin, Ren, Sun, and Wu (STOC 2024) proved the PIH under the Exponential Time
Hypothesis (ETH). However, it remains a major open problem whether the PIH can be established
assuming only W[1] # FPT. Towards this goal, Guruswami, Ren, and Sandeep (CCC 2024) showed
a weaker version of the PIH called the Baby PIH under W[1] # FPT. In addition, they proposed
one more intermediate assumption known as the Average Baby PIH, which might lead to further
progress on the PTH. As the main contribution of this paper, we prove that the Average Baby PIH
holds assuming W[1] # FPT.

Given a 2CSP instance where the number of its variables is the parameter, the Average Baby
PIH states that no FPT algorithm can decide whether (i) it is satisfiable or (ii) any multi-assignment
that satisfies all constraints must assign each variable more than r values on average for any fixed
constant 7 > 1. So there is a gap between (i) and (ii) on the average number of values that are
assigned to a variable, i.e., 1 vs. r. If this gap occurs in each variable instead of on average, we get
the original Baby PIH. So central to our paper is an FPT self-reduction for 2CSP instances that
turns the above gap for each variable into a gap on average. By the known WJ[1]-hardness for the
Baby PIH, this proves that the Average Baby PIH holds under W[1] # FPT.

As applications, we obtain (i) for the first time, the W[1]-hardness of constant approximating
k-EXACTCOVER, and (ii) a tight relationship between running time lower bounds in the Average
Baby PIH and approximating the parameterized Nearest Codeword Problem (k-NCP).
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1 Introduction

In classical complexity theory, the PCP theorem [3, 2, 8] serves as an essential tool for
proving most of the existing results in the hardness of approximation. As a variant, the
Multi-Assignment PCP theorem [1, Lemma 11] states that, for any constant » > 1 and
0 < e < 1, it is even NP-hard to decide whether a CSP instance is satisfiable, or any
multi-assignment (see Definition 7.) that assigns each variable no more than r values cannot
satisfy a (1 — €)-fraction of constraints. Among others, the Multi-Assignment PCP theorem
was used to show the NP-hardness of approximating SETCOVER [1]. It turns out that
the Multi-Assignment PCP theorem is a simple consequence of the PCP theorem by a
straightforward probabilistic argument. Nevertheless, Barto and Kozik [4] gave a direct and
purely combinatorial proof for the simple case of € = 0. Observe that it means that the
CSP instances under consideration are either satisfiable or cannot be satisfied by a desired
multi-assignment. This restricted version of the Multi-Assignment PCP theorem is termed
the Baby PCP Theorem in [4].

As an analog of the PCP theorem in parameterized complexity theory, the Parameterized
Inapproximability Hypothesis [21], PIH for short, is an important assumption from which we
can prove many FPT inapproximability results, including the inapproximability of k-CLIQUE,
k-EXACTCOVER [13], and DIRECT ODD CYCLE TRANSVERSAL [21], etc. It claims that
for some constant 0 < ¢ < 1, no f(k) - n?M-time (i.e., FPT) algorithm can distinguish
a satisfiable 2CSP instance with k variables from one where less than (1 — ¢)-fraction of
constraints can be satisfied simultaneously [21]. Unlike the PCP theorem, the PIH is still a
major open problem in parameterized complexity. The current state of the art is that the
PIH holds under the Exponential Time Hypothesis (ETH) [12, 11], and a proof of the PTH
under the minimum assumption W[1] # FPT remains elusive. Toward this goal, studying
some consequences of the PTH and proving them under W[1] # FPT might provide new
insights and valuable lessons.

Recently, Guruswami, Ren, and Sandeep [13] proved a parameterized version of the
Baby PCP Theorem, appropriately coined as the Baby PIH, under W[1] # FPT. The Baby
PIH states that for any constant » > 1, no FPT algorithm can distinguish a satisfiable
2CSP instance from one with no satisfying multi-assignment which assigns each variable
no more than r values. Just like the relationship between the PCP theorem and the Baby
PCP theorem, the Baby PIH is a direct consequence of the PIH. As a next step, a further
complexity assumption is suggested, i.e., the Average Baby PIH [13, Conjecture 3|, which
seems to be sandwiched between the PTH and the Baby PIH. It postulates the W[1]-hardness
of the problem known as AvG-r-GAP-2CSP (see Definition 8) which asks for distinguishing
a satisfiable 2CSP instance from one without satisfying multi-assignment which assigns
each variable no more than r values on average. The authors of [13] also demonstrated the
difference between the Baby PIH and the Average Baby PIH. In fact, for all » > 1 and
0 > 0, they constructed 2CSP instances with variable set X that cannot be satisfied by any
multi-assignment assigning each variable in X no more than r values, but can be satisfied by
a multi-assignment that assigns in total (1 + )| X | values to all the variables in X, that is,
every variable is assigned 1 + § values on average. Compared to proving W[1]-hardness! of
the PIH, it is apparently easier to show the W[1]-hardness of the Average Baby PIH, and

L Strictly speaking, the PIH is not a computational problem and we cannot directly define its hardness.
The formal statement should be “proving W[1]-hardness of the problem described in the PIH”, and we
use “W[1]-hardness for the PIH” for short in the introduction.
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studying the Average Baby PTH might bring us further closer to a proof of the W[1]-hardness
for the PTH. Moreover, the Average Baby PIH is already sufficient for proving some non-trivial
inapproximability results such as k-ExXACTCOVER [13].

1.1 Main Results

Let II = (X, X, ®) be a 2CSP instance with a set X of variables, an alphabet ¥, and a set ®
of constraints. A multi-assignment & : X — 2% relaxes the standard notion of assignments
by assigning each variable © €X a set of values in X, i.e., 6(x) C X. Thereby, II is said to
be satisfied by & if for every constraint ¢ € ®, one can pick for each variable = of ¢ a value
from the set &(x) assigned to this variable to satisfy ¢. We say that & assigns > .y |6()]

Sy 7))

values to X in total, or equivalently, each variable in X is assigned X
average (see Definition 7). Our main result is the following theorem stating that the Average
Baby PIH holds under W[1] # FPT.

values on

» Theorem 1 (Informal, see Theorem 16). Assume W[1] # FPT. Then for any constant
r > 1, given a 2CSP instance Il = (X, X, ®) parameterized by | X|, no FPT time algorithm
can distinguish between:

IT is satisfiable.

Any multi-assignment assigning no more than r|X| values to X does not satisfy II.

Clearly any standard assignment o : X — ¥ can be identified with a multi-assignment &
that assigns each variable € X a set of a single value, i.e., 6(x) = {o(z)}. Hence, there
is a constant r gap in Theorem 1 between YES and NO instances on the average number
of values assigned to each variable, which gives us the aforementioned AvG-r-Gap-2CSP
problem. On the other hand, the constant gap for the PIH is on the fraction of constraints
that can be satisfied by an assignment. That is, a YES instance is a 2CSP instance whose all
constraints can be satisfied by an assignment, while any assignment can only satisfy at most
a constant fraction of constraints in a NO instance. So, perhaps surprisingly, the difference
between the Average Baby PIH and the PTH can be pinpointed within the Ava-r-Gap-2CSP
problem precisely in terms of whether a given instance contains a “dense” or “sparse” set of
constraints.2 More precisely:

» Theorem 2.
Under W[1] # FPT, the Average Baby PIH holds for Ava-r-Gap-2CSP instances II =
(X, %, ®) with || = w(| X]).
If the Average Baby PIH holds for AvG-r-Gap-2CSP instances II = (X, 3, ®) with
|®] = O(|X]), then the PIH holds as well.

As a first application of the Average Baby PIH under W[1] # FPT, using a reduction
in [13], we obtain the W[1]-hardness of constant approximating the k-EXACTCOVER problem
(see Definition 9), improving its previous approxmation lower bound under a stronger
assumption, i.e., the Gap-ETH [23].

» Theorem 3 (Theorem 27 restated). For any constant r > 1, r-approzimating k-
ExacTCOVER is W[1]-hard.

2 This is pointed out by an anonymous reviewer.
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We remark that the W[1]-hardness of approximating k-EXACTCOVER has been a long-standing
open problem in parameterized complexity. Although the W[1], W[2], ETH-hardness of
approximating the k-SETCOVER problem has been established in [6, 15, 18, 20], as a special
case of k-SETCOVER, the hardness of approximating k-EXACTCOVER was only known under
the PTH [23] prior to our work.

The second application is a close relationship between running time lower bounds for
constant approximating the parameterized Nearest Codeword Problem v-GAp-k-NCP,, (see
Definition 10) and AvG-r-GAP-2CSP. Its proof is a straightforward composition of two
known reductions in [23, 13] .

» Theorem 4. For any prime p, computable function g, and constant r, if no f(k) - no9(k))
time algorithm can decide AvG-r-GAP-2CSP with k variables for any computable function f,
then r-GAP-k-NCP,, cannot be solved in time f(k) -n°WE) for any computable function f.

Proof Sketch. Theorem 4 follows from the gap-preserving reduction [13] from AvG-r-GAP-
2CSP to k-ExXAcTCOVER (see also Section A), and the gap-preserving reduction from
k-EXACTCOVER to r-GAP-k-NCP,, [23, Theorem 28]. Note that in both reductions the
parameter k is preserved. |

1.2 Technical Overview: Local-to-Global Reduction For 2CSP

To prove Theorem 1, we show that the W[1]-hardness for the Baby PIH implies the W[1]-
hardness for the Average Baby PIH. Here, the “W][1]-hardness for the Baby PTH” means
that, for all r > 1, it’s W[1]-hard to decide whether (i) a 2CSP instance is satisfiable, or (ii)
it cannot be satisfied by any multi-assignment assigning each variable no more than r values.
Thus there is a constant r gap between (i) and (ii) in the number of values assigned to each
variable. Thereby, the gap is “local.” As already mentioned, for the Average Baby PIH, the
gap is on the average number of values, or equivalently, the total number of values assigned
to all the variables. Hence, the gap is “global.” Our reduction from the Baby PIH to the
Average Baby PIH is thus said to be “local-to-global.”

Technically, our reduction relies on a simple but crucial property of high-distance error-
correcting codes (ECC) shown in [16, 20]. In particular, we need an ECC C C F}' with
relative distance 1 —§ such that any two distinct codewords z,y € C can agree on at most dm
entries. So if we have a set S of codewords and an e-fraction of entries (denoted by I C [m])
with € > & such that for each ¢ € I, we can find distinct =,y € S that agree on their i-th
entry, then the size of S must be large. The lower bound of |S] is called the collision number
of C, denote by Col:(C). A simple counting argument in [20] shows that Col:(C) > /2¢/0.

Now given a 2CSP instance IIy = (Xo, X, Do), let n = || > |So|, parameter k = |Xo],
and k' = |®g|. We fix some ECC with very large relative distance (e.g., a Reed-Solomon code)
C:Fk— IF];” for prime n'/* < p < 2n'/k and k” = ©(k®). Then we have Col.(C) > 2rk.
We construct a new 2CSP instance IT = (X7 U X5, X, @) as:

X1 ={u1, - ,up}, Xo={vi, - ,vpr}.

Each u; takes value from the (encoding of) satisfying assignments of ¢; = (z;,z;,,C;) €

Dy, i.e., {(C(a1),C(az)) : (a1,a2) € C;}. Each vy takes value from F¥.

For each u; € X; and vy € X, there is a constraint that checks whether u;’s assigned

value (w1, ws) and vy’s assigned value s satisfy wy[¢] = s[i1] and wo[l] = s[iz].

See Figure 1 for an illustration. Finally, we duplicate X; and X5 each an appropriate number
of times to make them equal in size, finishing our reduction.

In general, an assignment to X; should correspond to a satisfying multi-assignment to the
original instance Ily, and the value assigned to each vy € X5 is a “guess” of the /-th entry of
the encoding of every x;. It is easy to see that if the input instance Il is satisfiable, then so
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Figure 1 An illustration of our construction for an input instance Iy = (Xo, X0, ®o) with

| Xo| = |®o| = 3.

does the new 2CSP instance II, since for each u; € X corresponding to ¢; = (x;, zi,, C;), we
can simply assign it the value (C(o(z;,)),C(0(x4,))), where o is a satisfying assignment for ITy.
At the same time, the value assigned to each vy € Xy is (C(o(x1))[(], - -+ ,C(o(xx))[l]) € FL.

For soundness, suppose Iy has no satisfying multi-assignment assigning at most r values
to each variable, we need to argue that II has no satisfying multi-assignment that assigns
r(1 —¢e)(|X1] + | X2]|)/2 values in total. To that end, we exploit the collision number of the
code C. Fix any satisfying multi-assignment & to II. Recall that each variable u; € X is
assigned some value from a satisfying partial assignment to ¢; € ®o. Then, §(X;) naturally
gives a satisfying multi-assignment to Iy, which implies that there exists a variable z; € Xg
such that more than r different values are assigned by & to u;, for which the corresponding
constraint ¢; contains x;.

Now we have two possible cases for 6. In the first case, for (1 — €)-fraction of variables in
X5, the multi-assignment ¢ assigns each of them more than r values. We are done, since this
implies that the total number of assigned values by & is more than (1 — €)r|X3|. For the
second case, there exists an e-fraction of variables in X, each of which is assigned by & at
most r values. Given such a variable vy, we have more than r different codewords assigned to
X1 in z;’s position which has at most r possible values in the ¢-th entry. This entails the
existence of two different codewords with the same ¢-th entry. Since there are em such entries,
the assignment to X; must contain at least Col.(C) different codewords. Each assignment
to u; € X1 contributes two codewords, so the total number of assigned values by & is at
least Col.(C)/2 > rk. In summary, both cases guarantee a constant gap on either X; or X,
showing that any satisfying multi-assignment to IT must assign 7(1 —&)(] X1| 4 | X2|)/2 values
to X7 U X5 in total.

More details are referred to Section 3.

1.3 Discussions

For minimization problems, the technique of constructing two parts of variables and arguing
that at least one part has a large gap seems quite general, as exhibited by the previous
works showing the W[1]-hardness of approximating k-SETCOVER [6, 20] and k-NCP [17].
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The use of the collision number of error-correcting codes in the context of parameterized
inapproximability was first introduced in [16] and further developed in [20, 17]. We ask
whether these techniques can be unified.

» Question 1. Is there a general framework for proving parameterized inapproximability of
manimization problems?

We also suggest two new variants of the Average Baby PIH, which might serve as a next
step towards proving the PIH under W[1] # FPT. On closer inspection of our construction,
particularly Case 1 in the proof of Lemma 20, it only guarantees the total number of values
assigned to X (i.e., Xpex, |6(x)]) is large. This could happen if an o(1)-fraction of 2’s in X3
is assigned super-constant number of values. We ask if a larger gap can be achieved. So the
first one asks whether the Average Baby PIH can be strengthened by requiring a constant
fraction of variables to be assigned multiple values.

» Question 2. Under W[1] # FPT, can we prove that for any constant r > 2, there exists a
constant ¢ > 0 such that no FPT algorithm can decide whether a 2CSP instance is satisfiable,
or any satisfying multi-assignment must have at least a c-fraction of variables assigned r
values?

We remark that the case of r = 2 follows from the inapproximability of k-CLIQUE [19, 14, 5].

The second variant is already contained in Theorem 2, thus equivalent to PTH.

» Question 3. Under W[1] # FPT, can we prove that the Average PIH holds even for
AvG-r-GAP-2CSP instances with the number of constraints being linear in the number of
variables?

It is also interesting to consider whether the inapproximability factor in the Average
Baby PIH can be improved to w(1), since this would directly lead to better lower bounds
for approximating k-EXACTCOVER. The current obstacle is that, although the running
time of our reduction does not depend on the approximation factor, our reduction relies on
the gap created in the Baby PIH [13]. In order to achieve an r-gap in the Baby PIH, the
reduction in [13] runs in time Q(n®*”)"), consequently, the existing FPT reduction cannot
create a super-constant r = w(1) gap .

» Question 4. Under W[1] # FPT, can we prove that the Average PIH (Theorem 1)
holds for inapprozimability factor r = w(1), hence giving better inapproximability result for
k-EXACTCOVER?Y

1.4 Organization

In Section 2, we introduce the main computational problems and complexity assumptions
studied in this paper. As the central contribution, Section 3 explains our reduction from the
Baby PIH to the Average Baby PIH. This, in fact, establishes the Average Baby PIH under
WI1] # FPT. In Section A, we present a reduction from AvG-r-GAP-2CSP to the constant
approximation of k-EXACTCOVER, which slightly differs from the construction in [13].

2 Preliminaries

For a positive integer n, we use [n] to denote the set {1,2,--- ,n}. S;U---USy is the disjoint
union of sets Si, ..., Sk, where we tacitly assume that Sy, ..., S; are pairwise disjoint. We
use log (without subscript) to denote the logarithm number with base 2. For any prime
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number p, we write IF,, for the (unique) finite field of size p. The asymptotic notations, i.e.,
0,Q,w, and ©, are used following the general convention. The reader is assumed to be

familiar with basic notions in parameterized complexity theory, in particular FPT and W([1].

Otherwise, the standard references are, e.g., [10, 9, 7].

2.1 Problems

» Definition 5 (Parameterized 2CSP). A 2CSP instance is defined as a triple Il = (X, X, D)
where:
X is a set of variable.
Y= Umexzm where each ¥, contains values that the variable x € X can be assigned.
Often, we assume that there exists an n € N such that |E| < n for all x € X.
® = {p1, -, 0k}, where each p; = (x;,x:,,C;) for some x;,x;, € X, and C; is a
subset of ¥y, X X
The problem is to decide whether there exists an assignment o : X — X that satisfies:
Forallz e X, o(x) € £;.
For all p; = (z4,%i,,C;) € @, (0(xs,),0(x4,)) € Cj.
The parameter for this problem is k = | X|, the number of variables. Each pair of variables
has at most one constraint, so |®| < (g) Without loss of generality, each variable is related

Tig *

to some constraint in ®. The size of instance 11 is defined as |II| = |X| + |®|, where the size
of each @; is defined as |p;| = |Cj].

The approximation of parameterized 2CSP refers to the following problem.

» Definition 6 (e-GAP-2CSP). Given a 2CSP instance I1 = (X,X, ®) with parameter
k= |X|, we want to distinguish between:

IT is satisfiable;

any assignment can satisfy at most an e-fraction of constraints in ®.

As already mentioned, the notion of multi-assignment extends the usual assignment in
such a way that each variable can be assigned multiple values.

» Definition 7 (Multi-assignment). A multi-assignment of a 2CSP instance Il = (X, %, ®) is
a function & : X — 2%, 3 such that for all x € X we have 6(x) C X,. Furthermore, we say
that & satisfies 11 if:

For all p; = (x4,x:,,C;) € ©, there exist c; € 6(x;,) and ¢ € 6(xy,) with (c1,¢2) € Cj.
The individual size of & is defined as max,cx |6(x)|, and the total size of & is ) . |6(z)].

Let r > 1. We say that a 2CSP instance II = (X, X, ®) is r-list satisfiable if there exists a
multi-assignment & with individual size no more than r which satisfies I1, and II is r-average
list satisfiable if there exists a multi-assignment & with total size no more than r|X| which
satisfies II.

» Definition 8 (AvG-r-GAP-2CSP). Given a 2CSP instance 11, the goal is to distinguish
between the following two cases:

IT is satisfiable.

IT is not r-average list satisfiable.

3 Here we use 2 to denote the power set of 3.
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We also consider the k-EXACTCOVER problem (aka, the k-UNIQUESETCOVER problem)
and the k-NCP problem (aka, k-MLD, for the parameterized Maximum Likelihood Decoding
problem) as defined below.

» Definition 9 (k-EXACTCOVER). Given a set U (which we call universe) and a collection
of U’s subsets S, the goal is to distinguish between the following two cases:

there exist at most k disjoint sets in S that form a partition of U,

or U is not the union of any k sets in S.

» Definition 10 (k-NCP). For prime p, integer d > 0, given a (multi-)set V' of vectors in
]Fg, and a target vector t € FZ, the k-NCP,, problem asks for distinguishing between:

the Hamming distance between t and the vector space spanned by V is at most k,

or the Hamming distance between t and the vector space spanned by V is at least k + 1.

2.2 Hypotheses

» Hypothesis 11 (PIH [21]). For every constant 0 < € < 1, there is no FPT algorithm solving
e-GAP-2CSP.

The Baby PIH, a hypothesis implied by PIH, asserts the hardness of approximating
individual size of a satisfying multi-assignment. Formally,

» Hypothesis 12 (Baby PIH [13]). For any constant r > 0, no FPT algorithm can on
input a 2CSP instance, distinguish whether it is satisfiable, or cannot be satisfied by any
multi-assignment with individual size at most r.

We emphasize that the Baby PIH is a hardness hypothesis with a local condition, i.e.,
the individual size of satisfying assignments. It is shown that the standard assumption
WI1] # FPT implies the Baby PIH:

» Theorem 13 ([13]). The Baby PIH holds under W[1] # FPT.

In contrast, the Average Baby PIH is defined on a global condition concerning the total
size of satisfying assignments. The precise statement of this complexity assumption contains
a technical property on the “shape” of the constraints in a 2CSP instance.

» Definition 14 (Rectangular relation). A 2CSP instance II = (X, %, ®) is said to have
rectangular relations if for each v; = (zi,x;,,C;) € ®, there exist a set Q; and mappings
i, Pt 2 — @, such that (a,b) € C; iff mj(a) = p;(b). We call Q; the underlying set of ;.

Some explanation for “rectangular” might be in order. Recall that a subset S C X2 is a
(combinatorial) rectangle if and only if there exist A, B C ¥ such that S = A x B. It is easy
to verify that R C X2 is rectangular if and only if R is the union of a set of pairwise disjoint
rectangles.

» Hypothesis 15 (Average Baby PIH). For any constant r > 0, there exists no FPT algorithm
solving the AvG-r-GAP-2CSP problem, even when the instance contains only rectangular
relations.

3 Average Baby PIH from Baby PIH

In this section, we show that the Average Baby PIH even for instances with only rectangular
relations, is implied by the Baby PIH.
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3.1 Proofs of Main Results

We employ a local-to-global reduction developed in [17] to amplify the local gap for one
variable (Theorem 13) into a global gap for all variables, thus proving the Average Baby PIH
from the Baby PIH.

» Theorem 16. Under W[1] # FPT, for any constant r > 0, no FPT algorithm can distinguish
a given 2CSP instance with rectangular relation is satisfiable, or cannot be satisfied by any
multi-assignment with total size no more than .

To show Theorem 16, we first introduce some tools from coding theory. The collision number
of an error-correcting code characterizes the number of codewords needed to find “collision”
on a constant fraction of coordinates. We use the definition in [17]:

» Definition 17 (e-Collision Number). Let m > 1 and xz,y € ¥™ with x # y. For every
i € [m] we say that x and y collide on position i if x[i] = y[i]. Furthermore, a subset S C 3™
collides on position i if there exist distinct x,y € S with x[i] = y[i]. We define the collision
set of S as

ColSet(S) = {i € [m] | S collides on position i}.
Observe that if |S| < 1, then ColSet(S) = @.

Now for every C C ¥™ and 0 < € < 1 the e-collision number of C, denoted by Col.(C),
is the maximum s < |C| 4+ 1 such that for all S € (fl) we have

‘ColSet(S)| <em.
For Reed-Solomon codes, we have the following lower bounds on their collision number.

» Theorem 18 (Theorem 10 in [20], see also [16]). For any 0 < ¢ < 1, any Reed-Solomon
code C15 ]F’; — Fp with sufficiently large k < m < p, Col.(CT*%) > ,/QET’”.

Our proof of Theorem 16 consists of two reductions. The first one (Lemma 20) reduces
2CSP instances from the Baby PIH, i.e., with a “local” gap as explained in Section 1.2, to
a new instance whose constraints are between two disjoint groups of variables. The new
instance has a different “global” gap on each group of variables. As the sizes of the two
groups might not be balanced, we do not necessarily have a “global” gap on all the variables.
But this is easily remedied by the second reduction (Lemma 22) which makes an appropriate
number of copies of the two groups.

» Definition 19 ((r, s)-Average Multi-Assignment). Let II = (X, 3, ®) be a bipartite 2CSP
instance, in particular X = X, U Xy and every ¢ = (v122,C) € ® has 1 € X1 and
x9 € Xo. Then forry,ro > 1 an (r1,ro)-average multi-assignment of II is a multi-assignment
6 : X — 2% such that

2rex, 19(2)]

- Yaex, 10(@)] _ .
| X1

r1  and
1 1| <

That is, the total size of 6 restricted to X1 is at most r1|X1|, and the total size of & restricted
to Xo is at most ro| Xa| (cf. Definition 7). We say II is (1, re)-average list satisfiable if there
is an (r1,r2)-average multi-assignment which satisfies I

» Lemma 20. There is an algorithm A which on input a 2CSP instance Iy = (Xo, Xo, Po),
€ >0, and r > 1 computes a bipartite 2CSP instance Il = (X1 U X5, %, ®) with the following
properties.

Completeness. If Il is satisfiable, then so is I,
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Soundness. For every r > 1 if Iy is not 2r-list satisfiable, then I is not (r1,r2)-average list
satisfiable for every ri,ro € N with

r1+re <2(1—e)r

Rectangularity. All constraints in ® are rectangular.
In addition, there exists a computable function f upper bounding the running time of A as

F(1Xol + |®o| + 1/e + 1) [Zo 7. (1)

And the number of variables | X1| + | Xa| and the number of constraints |II| in I can also be
upper bounded by f(|Xo| + |Po| + 1/ + 7).
Proof. For the given 2CSP instance IIy = (Xo, Yo, Pg) we let
k=]Xo| and Kk =|®y.
Thereby we fix some enumerations of the variables in X and the constraints in @, as
Xo={z1,...,z} and Pg= {4,01,---790k'}~
Let C: IE"’; — IF’;," be a Reed-Solomon code with

8(1 —¢)r?

2[3|V/* > p > |So[1/E and k”:{ .

k(k’)zJ +1.

Clearly |Xo| < p*, and therefore we can assume without loss of generality
Yo C FE.

Moreover, we only consider the case that

K <p (: \IF,,D < 2|%| %,

i.e., X is sufficiently larger than k and k’.* Hence we can invoke Theorem 18 on ¥ < Fy,
k< k, m <+ k", and € < ¢ to obtain

2ek”
k

Col. (C(FX)) > > 4(1 - )k, (2)

where the second inequality is by our choice of k”.

Now the algorithm A constructs the following bipartite 2CSP instance II = (X, X, @).
Variables. X = X; U X5 with
X1 = {ul, . ,uk/} and X2 = {Ul, e ,Uk//}.
Alphabets. ¥ = J,cx, XuUU,cx, Zv where:
For every j € [k'] the alphabet of the variable u; € X; is

Y, = {(C(al),C(ag)) ’ pj = (i, iy, C) and (a1, a2) € C} C (c(Fh)” C (FE)™.
(3)
That is, ¥,; contains all the (partial) satisfying assignments of ¢; encoded by C :

Fk — IF[’f” as pairs of vectors in ]F’;”. (Recall X C Fr.)
For every ¢ € [k"] we have %, = Fk. Since p < 2|So["/*, we have |Z,,| < 2%||.

4 Otherwise, the original instance ITp can be solved in time of the form (1), and we can then output some
predetermined II depending on whether Il is satisfiable.
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Constraints. Let j € [k'] and ¢; = (24, 24,,C). Then for every ¢ € [k”] we have a constraint
between the variable u; € X; and v, € X3 which checks whether u; is assigned to
(w1, we) € (F’;”)2 and vy to s € ]Fg such that

wi[f] = s[i1] and  wslf] = s[ia]. (4)
Consequently (4) implies that the constraint is rectangular.® Moreover, the number of
constraints in IT is

2(1 —e)%r?

k/kll — k/ \‘
e

k(k/)QJ + K.

The completeness of our reduction is straightforward. So we turn to the soundness. In
particular, we assume that the given 2CSP instance Il is not 2r-list satisfiable. Furthermore,
let 5 : X — 2% be a satisfying multi-assignment for II. We need to show that, for any
r1,72 € N if there is a satisfying (r1,r2)-average multi-assignment &, then

r1+re > 2(1—e)r (5)
To that end, let

Words = | J U {wi,w} CF (6)

u; €X1 (wy,w2)€6(uy)
That is, Word; is the set of all codewords in IF’;N that & uses for the variables in X7.
> Claim 21. Let ¢ € [k"] with |6(ve)| < 2r. Then Words collides on position £.

Proof of Claim 21. Let ¢ € [k”] be fixed with |6 (ve)| < 2r.

Consider an arbitrary constraint ¢; = (2;,2;,,C) € ® (i.e., j € [k/]). Since 6 is a
satisfying multi-assignment for II, there exist

(w1, wa) € 6(uj) € Xy, C (IF];”)Q and s € 6(vg) CFE
such that u; = (w1, ws) and vy = s satisfy the constraint between u; and v, in II. By

(w1, wa) € Xy, and (3) there are a1, as € ¥ with wy; = C(a;) and wy = C(az) such that

x5, = aq and x;, = ag satisfy ;. (7)

Then we say that ay is (6, p;)-suitable for z;, with respect to s, and similarly as is (&, ¢;)-
suitable for x;, with respect to s.
In addition, by (4)

C(a1)[f] = s[in] and C(a2)[f] = sliz]. (8)

Now we define a multi-assignment &q : Xo — 2% for the original instance Iy = (Xg, X0, o)
as follows. For every x € X let

Go(x) = U {a €%y |je€[K]and ais (6,¢;)-suitable for z with respect to s}. (9)
s€6(ve)

(Recall that we have fixed an ¢ € [k”] and hence 6(v;).) Since every variable x must appear
in at least one constraint ¢; € ®q (cf. Definition 5), it is easy to see that &y is a satisfying
multi-assignment for ITy by (7).

5 To see this, we take 7(u;j) = 7(w1,w2) = (w1[£], w2[f]) and p(ve) = (ve[i1], ve[iz]). Then equation (4) is
precisely 7(u;) = p(ve) as in Definition 14.
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As Ty is not 2r-list satisfiable, there exists an x;» € Xy (i.e., i* € [k]) with

>2r+1.

|60 (xi-)
We have assumed that

|6 (ve)| < 2,
so by (9) there is an s € &(vy) such that

‘{a €3 | j €[] and a is (6, ¢;)-suitable for 2;- with respect to s}‘ > 2.

Hence there are a1,as € ¥ with a; # a2 and j1,j2 € [k'] such that
a1 is (8, ¢j, )-suitable for x;+ with respect to s,
and ag is (6, @;,)-suitable for x;- with respect to s.

Then (8) implies that

Clar)[f] = s[i"] = C(az)[€].

In other words, C(a1) and C(az) collide on position £. Clearly C(a1),C(az) € Words, so this

finishes the proof of the claim. <
Let
o= Zeex, P@| _ Dyepn 0] e, 16@)] _ S [6(00)]
! X1 % ? | X 2z '

Now we distinguish two cases.
1. There are more than ¢ fraction of £ € [k”'] such that |6(ve)| < 27, then Claim 21 implies
that Words collides on more than e fraction of positions ¢ € [k”]. Recall (2), i.e.,

2ek”

Col. (C(F¥)) > -

>4(1—e)rk’.

Hence,
|Word| > Col.(C(FL)) > 4(1 — e)rk’.
By the definition (6) of Word,; we deduce

‘Wordg,] = U U {w1, wa}

u; €X1 (wy,w2)€E6(u;i)

< Z U {wi,we}| < Z 2|&(Ui)’

u; €X1 | (w1, w2)€E6(u;) u; €X1

It follows that

ete] 10(ug)]  4(1 —e)rk’
r1:zﬂ€[k;€/ il > ( 2]:/)T =2(1—¢)r.

2. There are at most ¢ fraction of ¢ € [k”] with |6(ve)| < 2r. Or equivalently, there are at
least (1 — ¢) fraction of £ € [k"] with |6(ve)| > 2r + 1. Then

Doreikn) |6 (ve)| (I1—e)k"(2r+1)+cek”
r2 = k,ll Z kl/
So both cases lead to (5) as desired. |

>2(1—e)r.
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With some proper replication, the unbalanced (r,73)-gap can be turned into a balanced
one, and yield the desired r-average list unsatisfiability.

» Lemma 22. For any bipartite 2CSP instance 11 = (X; U X3, %, ®) and r > 1 we can
compute in polynomial time a 2CSP instance II' = (X', ¥/ @) with

| X = 21X || Xz

such that

Completeness. IfII is satisfiable, then so is II',

Soundness. Let r > 1. If 11 is not (r1,72)-average list satisfiable for every ri,ro > 1 with
r1 + 19 < 2r, then II' is not r-average list satisfiable. Or equivalently, if II' is r-average
list satisfiable, then for some 11,79 € N with r1 +re < 2r the bipartite I1 is (11, r2)-average
list satisfiable.

Furthermore, if I1 is rectangular, then so is IT'.

Proof. Let
kl = ‘X1| and kg = |X2|

The desired II' = (X', %', ®’) is constructed as below.
Variables. X' consists of ky copies of X1 and k; copies of Xs, i.e., X' = X] U X} where
X;={2"|ze X andi€ [ky]} and X} = {2 |2 € X,andie€ [k]}.
Note, | X1| = |X4| = k1k2, therefore IT" contains 2k ke many variables.
Alphabets. ¥’ = |J . x/ ¥} where:
For every x € X; and i € [ky], let X/ ) = ;. Recall that ¥, C ¥ is the alphabet for
the variable x in the original 2CSP instance II.
Similarly, for every x € X and i € [ky] let X! ) = X,
Constraints. For every constraint ¢ = (x129,C) € ® with 21 € X; and x5 € Xo, i1 € [ko],
and iy € [k1] we have a constraint

Ptz = (xgil)a:ém,(}') €.

That is, ¢*"% is a copy of ¢ where the variable z; is replaced by its i;-th copy xgil) and
x5 by its is-th copy ac;z).

rectangular too.

It immediately implies that if II is rectangular, then II’ is

Again the completeness is immediate. Towards the soundness, let 6’ : X' — 2% be a
satisfying r-average multi-assignment for II’. In particular,

S @] Seexi @)+ Soe |00 e 0]+ T 90
Xt RARIRE - 2k1ks
We set
ZzeX{ &' (x)| ZmeX{ 6l($)‘ ZmeXg 6’($)’ erxg &' (x)|
r = = and 719 = = (10)

|X1| kle ‘Xé| kle
It follows that

ZxEX{

&' (0)| + Ve, |6'(@)]

kiks

L+ re = = 2r.
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Note that
Xy = Uie[kz]{x(i) |z € Xu}. (11)
Therefore,
rikike = r1| X1 | (by | X1 = kle)
= 7@ (by (10))
reX]
= > > 6= (by (11))
i€[ke] z€X1

Hence, there exists an i; € [ka] such that

ZIEXI 6l($(21))‘

Z |6/(I(i1))| <riky, or equivalently
| X1

reXy

<nr

by | X1| = k1. Arguing similarly for X5 we get an iy € [k1] such that

ZxGX'z ‘6—/(33(12))|
| Xa|

<r

Finally we define a multi-assignment & for the original instance II by

. &'(xM)) ifz e X,
O(x) = N (’L) .
&' (x)) if x € Xo.

By the above argument, & is (71, r2)-average. Moreover, it satisfies II, since 6’ satisfies II'. <
Putting all pieces together, we have Theorem 16.

Proof of Theorem 16. We give an FPT reduction from instances in the Baby PIH (The-
orem 13) to AvG-r-GAP-2CSP. Then, since the Baby PIH holds under W[1] # FPT, we
deduce that the Average Baby PIH also holds under W[1] # FPT.

For any 2CSP instance Iy = (Xo, 2o, ®o), we can construct a bipartite 2CSP instance
II; = (X1,%1,®1) by Lemma 20, and then construct an AvG-r-GApP-2CSP instance IT =
(X, %, ®) from II; by Lemma 22. Trivially, IT is satisfiable when IIj is satisfiable. When Il
is not r-list satisfiable, II; is not (ry,rs)-average list satisfiable for all constants 71,9 with
r1+ 719 > 2(1 —¢)r, and thus IT is not (1 — €)r-average list satisfiable. Furthermore, IT has
rectangular relations because II; has rectangular relations.

Moreover, the running time of this reduction can be bounded by

F(IXol + [@o] + 1/e +1)[Zo[ 7V
for a computable function f, and
| X| + |®] < f(IXo| + [®o] + 1/ +7)[So| ™)

as well, so the reduction is an FPT reduction. <



Y. Liu, Y. Chen, S. Li, B. Lin, and X. Zheng

3.2 Average Baby PIH on Dense and Sparse Instances

In this section we prove Theorem 2, which is divided into two separate lemmas to help with
readability. For our purposes, a 2CSP instance II = (X, X, ®) is dense if || = w(|X]); or it
is sparse, if || = O(| X]).

» Lemma 23. Under W[1] # FPT, the Average Baby PIH holds for all AvG-r-Gap-2CSP
instances that are dense.

Proof. The reduction in the proof of Lemma 20 yields complete bipartite 2CSP instances
II; = (X1 U Xy,%,®), ie., for each 1 € X; and z2 € X, there exists a constraint
¢ = (z122,C) € ®. Then the reduction in the proof of Lemma 22 makes |X5| copies of X;
and | X7 | copies of | X5|, while keeping the constraints in each pair of copies. So in the final
instance IT = (X, X, ®) from the proof of Theorem 16, the number of constraints is

| X[

@] = X PG =

Now consider any function h € w(1). We produce a new instance II' = (X', ¥/, ') by simply
copying IT for ¢ times, where ¢ is chosen as the minimum number satisfying

(x> 5

Note that there is no constraint between different copies. Then, the new parameter is
|X'| = t|X]|, and

X3
o' = t|®| =
|27 |P| 1

RS
= TlX/‘ < R(IX')IX].

It’s clear that this reduction runs in FPT time. Also, if II is satisfiable, then II’ is
satisfiable. If any satisfying multi-assignment to IT must have total size more than r|X|, then

any satisfying multi-assignment to II’ must assign each copy of II more than r|X| values, so
in total more than r|X’| values, preserving the gap. |

» Lemma 24. Let r > 1. If there exists a constant ¢ > 0 such that no FPT algorithm can
solve AvG-r-Gap-2CSP on instance Il = (X, 2, ®) with || < ¢-r|X]|, i.e., I is sparse, then
the PIH holds.

Proof Sketch. Let IT = (X, X, ®) be a NO instance of AvG-r-GAP-2CSP. For any (standard)
assignment ¢ : X — ¥, assume that o violates ¢ constraints, then one can simply add at
most 2¢ values to o and obtain a satisfying multi-assignment & with total size | X |+ 2¢. Since
IT is a NO instance, we have |X| + 2¢ > r|X|. Thus,

r— 1
P|.
_ @]

1
X:
X1 2c-r

t >

r—1 T —
ce-r|X| >
2c-r c-rX|

In other words, any assignment to II must violate a constant fraction of the constraints in II.

This gives a reduction from AvG-r-GApP-2CSP to PIH. <

Putting Lemma 23 and Lemma 24 together, we obtain Theorem 2. As already mentioned
in the introduction, this result indicates that the current barrier to the W[1]-hardness of the
PIH is the lack of reduction for AvG-r-GAP-2CSP on sparse instances, i.e., instances with
linearly many constraints.
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A  From Average Baby PIH to Inapproximability of k-ExactCover

We present a proof relying on a construction that slightly differs from the one in [13]. Their
proof makes use of the (T,m)-set gadget [22, 1] that was previously used to show the
hardness of approximating SETCOVER problem. On the other hand, our proof develops a
novel composition of the collision number of ECCs (recall Definition 17) with the following
well-known combinatorial object.

» Definition 25 (Hypercube Partition System). Let A, B be two sets. Then the (A, B)-

hypercube partition system is defined by
the universe M = AB (: {z | a function z : B — A}), and

a collection of subsets { Py} where each Py, = {z € M | z(z) = y}.

rEB,yeA

» Theorem 26 (cf. Theorem 21 in [13]). Assume that the Average Baby PIH holds on all
2CSP instances with rectangular relations. Then k-EXACTCOVER cannot be approximated
in FPT time within any constant factor. More precisely, for every constant r > 1 no FPT
algorithm, on a given k-SETCOVER instance II = (S,U) with size n and k > 1, can distinguish
between the following two cases:

We can choose k disjoint sets in S whose union is U.

U is not the union of any rk sets in S.
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Proof. Let II = (X, X, ®) be an AvG-r-GAP-2CSP instance with rectangular relations. We
set k = | X|. Moreover, for each rectangular constraint ¢; = (z;, z;,,C;) € ® we use Q; to
denote the underlying set and 7, p; : ¥ — @); the associated mappings as in Definition 14.
That is, for every a,b € X, it holds that (a,b) € C; if and only if 7;(a) = p;(b). Then we set

t = ma i|- 12
may |0 (12)
Clearly, we can assume without loss of generality
t < 1I0).

Now we reduce II to a k-EXACTCOVER instance. To that end, we choose a further alphabet
A whose size is a prime and satisfies

max { [log t] ,22r2k2} < |A| € 2max { [logt] ,22T2k2} .

Moreover,let

B 2r2k2 logt
| loglA]

This leads to the following code with very large distance (here we simply use Reed-Solomon
code again)

Enc : ALJZ%J — A4

Plugging

logt
— LOE{TAJ ,m+d, p+ |Al,Sand e + 1/2

in Theorem 18 we conclude that the 1/2-collision number of Enc is

/ d
11 /9(E > .
Col /5 (Enc) > logt/ Tog | > rk

Observe that (12) implies that every tuple in C; can be identified with a string in A[lgflzﬂ ,
i.e., the domain of Enc.

Then, for each variable z € X and every its possible value a € X, we define a set S; ,
as follows. For each constraint ¢; = (x;,;,,C;) € ® with associated set T; and mappings
i, p; 1 2 — @, and for each ¢ € [d], we construct a ([2], A)-hypercube partition system

(MO {PED Y wenwer) - (13)

6 Observe that

logt 2r2k2 log t
< <
\‘logA|J < ’7 log |A| < logt] < |Al,

hence, the condition &k < m < p in Theorem 18 is satisfied.
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Then for each (a,b) € C; we add pUH to Sz, o and similarly pUH to Si,, b

Enc(r; (a))[¢],1 Enc(p; (b))[0].2

Finally, let the universe be
U=J MUO and S={S,.|2r€ X anda € X}.
p; €D, LE[d] ’

For the completeness, let 0 : X — ¥ be a satisfying assignment of II, it is routine to
check that {S; ,(z)}eex is a partition of U.

For the soundness, assume that every satisfying multi-assignment of IT has total size at
least rk (cf. Definition 7). Let S’ C S be a cover of U. Consider the multi-assignment that
maps every variable z € X to {a e X | Sz € 8’}. If this multi-assignment satisfies II,
the our assumption implies |S’| > rk. Otherwise, assume that there exists some constraint
;= (x4, iy, C;) € © which is not satisfied. Note that the above multi-assignment assigns
zi, to By = {a € S| Sz, € 8’} and x4, to By = {b € X | Sy, 5 € S'}. Since g;
is not satisfied, for all (a,b) € E1 x E; we have Enc(m;(a)) # Enc(p,(b)). However, for
each ¢ € [d], since MUY is covered by &', there must exist a € E; and b € FE, with
Enc(m;(a))[¢] = Enc(p;(b))[¢]. Therefore, the set {m;(a)}acr, U {p;(b)}ser, collides on all
coordinates ¢ € [d], hence it must have size at least Col; /o(Enc). We deduce

[S'| = |Br| + |E2| > [{mj(a)}aes, U{p;()}ver, | = Colijz(Bne) > rk.

Finally, in each hypercube partition system (13) it holds that

|MUO| = 9lAl < gloet] | g2 g2 4 g2

7

and there are at most (g)d < k?r?k?logt < r?k*log|II| such systems. The size of the
universe U is thus at most g(r, k)|II|> for some appropriate computable function g : N> — N,
while the parameter of the k-EXACTCOVER instance remains k = | X|. It follows easily that
the running time of this reduction is FPT. <

Combining Theorem 26 and Theorem 16, we obtain:

» Theorem 27. For any constant r > 1, r-approzimating k-EXACTCOVER is W[1]-hard.

65:19

STACS 2025



	1 Introduction
	1.1 Main Results
	1.2 Technical Overview: Local-to-Global Reduction For 2CSP
	1.3 Discussions
	1.4 Organization

	2 Preliminaries
	2.1 Problems
	2.2 Hypotheses

	3 Average Baby PIH from Baby PIH
	3.1 Proofs of Main Results
	3.2 Average Baby PIH on Dense and Sparse Instances

	A From Average Baby PIH to Inapproximability of k-ExactCover

